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The Effects of Surface Elasticity
on an Elastic Solid With Mode-III
Crack: Complete Solution
We examined the effects of surface elasticity in a classical mode-III crack problem arising
in the antiplane shear deformations of a linearly elastic solid. The surface mechanics are
incorporated using the continuum based surface/interface model of Gurtin and Murdoch.
Complex variable methods are used to obtain an exact solution valid everywhere in the
domain of interest (including at the crack tip) by reducing the problem to a Cauchy
singular integro-differential equation of the first order. Finally, we adapt classical collo-
cation methods to obtain numerical solutions, which demonstrate several interesting
phenomena in the case when the solid incorporates a traction-free crack face and is
subjected to uniform remote loading. In particular, we note that, in contrast to the clas-
sical result from linear elastic fracture mechanics, the stresses at the (sharp) crack tip
remain finite. �DOI: 10.1115/1.3177000�

Keywords: surface elasticity, mode-III crack, antiplane deformations, complete exact
solution, Cauchy singular integro-differential equation
Introduction
Currently, the two fundamental approaches used in the model-

ng of the deformation of solids at the nanoscale involve either
tomistic models or refined continuum models. The former rely on
assive atomistic simulations, which most often require huge

omputational resources. Nonetheless, these models were used
uccessfully to investigate problems of great interest in nanome-
hanics including several problems involving fracture and related
ssues �see, for example, Refs. �1–4��. Refined continuum models
ffer the advantages of the continuum setting and the associated
athematical framework. This “refinement” of classical con-

inuum theories to account for the nanoscale is most often
chieved by incorporating the effects of surface mechanics on the
tructural boundaries of the solid in an attempt to account for the
ncreasing surface area to volume ratio of structures at this scale.
xperiments on various elastic structures �e.g., beams, plates, and
hells� showed that predictions from these continuum models had
ood agreement with corresponding results obtained from the ato-
istic simulations �see, for example, Refs. �5,6��. One of the most

mportant and accessible refined continuum models incorporates
he effects of surface mechanics using the surface elasticity model
f Gurtin and co-workers �7,8�. In this model, a surface is re-
arded as a thin elastic membrane perfectly bonded to the bulk
olid. The additional surface stress contributed by the surface me-
hanics leads to highly unusual and nonstandard boundary condi-
ions on the surface of the bulk solid. Consequently, the corre-
ponding boundary value problems are not accommodated by
xisting classical theories and pose challenges not encountered
reviously in similar mathematical analyses. Nonetheless, the
urtin and Murdoch assumptions were used successfully in a
umber of studies, for example, in nanocomposite mechanics �see,
or example, Refs. �5,9–12��.

The analysis of stresses in an elastic solid incorporating one or
ore cracks is of fundamental importance in the understanding of

ailure and in the general deformation analysis of engineering ma-
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terials. In macroscopic models, the stresses at the crack tip are
found to be infinite reflecting the fact that the crack front is usu-
ally taken to be perfectly sharp. In fact, an infinitely sharp crack in
a continuum is a mathematical abstraction since, in reality, most
crack tips are, in fact, blunt with a radius of convergence of the
order compatible with the nanoscale. This suggests that a more
accurate analysis of the region in the vicinity of a crack tip can be
achieved at the nanoscale. In the context of a continuum model
this means the incorporation of surface effects into the model of
deformation. In fact, it was shown using atomistic models that the
influence of surface energy is significant in the vicinity of the
crack tip �13�. To this end, the authors in Ref. �14� examined the
contribution of surface effects on the near-tip stresses of a mode-
III crack using the Gurtin–Murdoch theory under several simpli-
fying assumptions including the assumption that the crack tip is
blunt with a radius of convergence of the order compatible with
the nanoscale. Approximate numerical results are presented using
asymptotic and finite element methods. These results, however,
are restricted to the vicinity of the crack tip and do not present a
complete solution of the problem at hand. The authors also note
the contributions made in Refs. �15–18� in which the effects of
surface stresses were considered in a range of different problems
involving elastic solids. In each case, however, the results in Refs.
�15–18� employed simplified assumptions on the stress-strain re-
lations used to model the effects of surface elasticity. In particular,
the surface stress is taken to be independent of surface strain. This
assumption, although leading to simplified and thus tractable
mathematical models of the corresponding solid, sacrifice the
rigor and accuracy of a more comprehensive theory.

In this paper we present an exact complete �valid throughout
the domain of interest and not simply in the vicinity of the crack
tip� solution of a traction-free mode-III crack problem in the an-
tiplane shear deformations of a linearly elastic solid maintaining
the assumption of a sharp crack tip. Surface effects are incorpo-
rated using the Gurtin–Murdoch surface elasticity model �with
complete constitutive relations on the surface of the solid� with
the crack occupying a finite region of the real axis. Using complex
variable techniques, we show that the nonstandard boundary con-
ditions arising from the incorporation of the effects of surface
elasticity on the crack face were reduced to the solution of a
Cauchy singular integro-differential equation �19�. The latter is

solved numerically using an adapted collocation technique �20�
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eading to a complete solution throughout the elastic solid. In
articular, it is shown that, in contrast to classical fracture me-
hanics �where surface effects are neglected�, the incorporation of
urface elasticity eliminates the stress singularity at the �infinitely
harp� crack tip and leads to the more accurate situation of a finite
tress at the crack tip. In addition, we demonstrate that the corre-
ponding stress distributions derived from our analysis show clear
igns of size dependency and do indeed tend to classical solutions
21,22� when the surface effects approach zero.

Throughout the paper, we make use of a number of well-
stablished symbols and conventions. Thus, unless otherwise
tated, Greek and Latin subscripts take the values 1,3 and 1,2,3,
espectively, summation over repeated subscripts is understood,
x ,y� and �x ,y ,z� are generic points referred to orthogonal Carte-
ian coordinates in R2 and R3, respectively, and �ij is the Kro-
ecker delta.

Antiplane Crack Problem With Surface Stress: Gov-
rning Equations

It is well-known that in the absence of body forces, the equi-
ibrium and constitutive equations describing the deformation of a
inearly elastic, homogeneous, and isotropic �bulk� solids are
iven by

div �B = 0 �1a�

�B = �I3 Tr��� + 2�� �1b�

here � and � are the Lame constants of the material; �B and �
re the stress and strain tensors, respectively; and I3 represents the
dentity tensor with respect to R3.

2.1 Surface Equation. We consider antiplane deformations
f a linearly elastic and homogeneous isotropic solid occupying a
ylindrical region in R3 with generators parallel to the z-axis of a
ectangular Cartesian coordinate system. We assume that the cyl-
nder is infinite in extent and is subjected to uniform remote shear
tress. Suppose that the cylinder contains a single internal crack
ace �with traction-free faces� running the length of the cylinder.
n a typical cross section, the crack occupies the region �−a ,a�,
�R+ of the x-axis as shown in Fig. 1. The objective here is to

ncorporate the surface mechanics of the crack face into the model
escribing the antiplane deformations of the solid. In the Gurtin–
urdoch surface elasticity model, the authors regard a surface as
thin elastic membrane �with elastic constants distinct from the

ulk material� perfectly bonded to the surrounding material. Al-
hough Eqs. �1a� and �1b� remain true in the bulk material, equi-
ibrium on the �crack� surface is now described by the equations
see Refs. �7,8� for detailed derivations�

��Bn� + divs �s = 0 �2a�

�s = �oI2 + 2��s − �o�εs + ��s + �o�Tr�εs�I2 �2b�

ere, the index s denotes the corresponding quantity resulting
rom the effects of surface elasticity, n represents the unit normal
o the crack face, I2 is the identity tensor in R2, �� �= �� �+− �� �−

enotes the jump of the corresponding quantity across the crack
here “+” and “−” refer, respectively, to the upper face �y�0� and
ower face �y�0� of the crack as depicted in Fig. 1�, and �o is the
urface tension. We note that only surface strain components are
ncluded in Eq. �2b� �i.e., strains normal to the surface are ex-
luded�. Finally, the surface divergence divs u is defined �in gen-
ral� by

divs u = divs us − 2kun

here k is the mean curvature and the displacement vector u

dmits the unique decomposition as follows:

21011-2 / Vol. 77, MARCH 2010
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u = us + unn

with us as the corresponding tangential displacement and un as the
normal component of u.

2.2 Complex-Variable Formulation. Equation �1b� is writ-
ten in component form as

�ij = ��ij�kk + ��ij �3a�

�ij = 1
2 �ui,j + uj,i� �3b�

In the antiplane shear of an isotropic elastic medium �mode-III
crack problem�, we assume that the displacement vector u with
components �u ,v ,w� satisfies

u = v = 0, w = w�x,y�,
�2w

�x2 +
�2w

�y2 = 0 �4�

From Eq. �3b�, the strain components are now given by

�xz =
1

2
� �u

�z
+

�w

�x
� =

1

2

�w

�x
, �yz =

1

2
� ��

�z
+

�w

�y
� =

1

2

�w

�y

�xy = �xx = �yy = �zz = 0 �5�

From Eq. �5�, the stress components can be written as

�xz = 2��xz = �
�w

�x
, �yz = 2��yz = �

�w

�y
�6�

�xy = �xx = �yy = �zz = 0

Since w�x ,y� is a harmonic function, we denote by 	�x ,y� its
conjugate harmonic function. Introducing the complex variable z
=x+ iy, we can now write

w = Re�
�z��, 
�z� = w�x,y� + i	�x,y� �7�

where 
�z� is an analytic function of z in the plane S+�S−=S

Fig. 1 Schematic of the problem
outside the crack �see Fig. 1�. From Eq. �7�, we then have that
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dz
�z� = 
��z� =

�w

�x
− i

�w

�y
=

1

�
��xz − i�yz� �8�

nd

�yz =
�i

2
�
��z� − 
��z��, �xz =

�

2
�
��z� + 
��z�� �9�

2.3 Equilibrium Equations on the Crack Surface. If we
enote by �e� i�i=1

3 the vectors of the standard basis for R3 from Eq.
2a�, the equilibrium conditions on the crack surface are given by
7,8�

���,�
s e�� + ��ijnje� i� = 0

�10�
k�����

s = ��ijninj�

here � ,�=1,3.
Noting that in our case the normal to the crack face is aligned

ith the e�2 or y-direction, Eq. �10� becomes

�xx,x
s + �xz,z

s + ��xy� = 0 �11a�

�zx,x
s + �zz,z

s + ��yz� = 0 �11b�

��yy� = − �o

�2�

�x2 − �o

�2�

�z2 �11c�

In addition, we derive the component form of Eq. �2b� as

���
s = �o��� + 2��s − �o���� + ��s + �o��

��� �12�

here � ,� ,
=1,3. Thus, together with Eqs. �5� and �6�, we can
ow establish the relations between surface and body �bulk�
tresses as

�xz
s = 2��s − �o��xz =

�s − �o

�
�xz

�13�

�yz
s = 2��s − �o��yz =

�s − �o

�
�yz

ince, for a coherent interface, the interfacial strains are equal to
hose in the adjoined bulk material, i.e., �xz

s =�xz and �yz
s =�yz.

Finally, by applying the antiplane assumptions in Eqs. �5�, �6�,
nd �13�, Eqs. �11a�–�11c� can be reduced to the form

�xz,x
s + ��yz� = 0 �14�

2.4 A Traction-Free Mode-III Crack Problem With Sur-
ace Stress. Let the lower �y�0� and upper �y�0� half-planes be
esignated the “−” and “+” sides of the crack. Then, from Eq.
14�, the boundary conditions on the crack can be written as

��xz
s

�x
+ ��yz�+ − ��yz�− = 0 �15�

n general, from Eqs. �5�, �9�, �13�, and �15�, for the crack �−a
x�a�, �y=0� subjected to prescribed traction Pyz, the surface

ondition on the faces can be written as follows.
On the upper face,

��yz�+ = Pyz −
��xz

s

�x
= Pyz − ��s − �o�

�2w

�x2

= Pyz −
�s − �o

2
�
��z� + 
��z��+ �16a�
On the lower face,

ournal of Applied Mechanics
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��yz�− = Pyz +
��xz

s

�x
= Pyz + ��s − �o�

�2w

�x2

= Pyz +
�s − �o

2
�
��z� + 
��z��− �16b�

As a particular case, we consider the situation when the solid is
subjected to a uniform remote shear stress �yz=�yz

� and a traction-
free crack face �Pyz=0�. From Eqs. �9�, �16a�, and �16b�, the
surface condition on either side of the crack can be formulated as
follows.

On the upper face,

�i

2
�
��z� − 
��z��+ = −

�s − �o

2
�
��z� + 
��z��+ �17a�

On the lower face,

�i

2
�
��z� − 
��z��− =

�s − �o

2
�
��z� + 
��z��− �17b�

In antiplane deformations �mode-III crack� it is clear that w+=
−w−, which leads to a Hilbert problem in terms of the derivatives
of the unknown function 
�z� defined by Eqs. �7�, �17a�, and
�17b� as follows.

On the upper face,

�i

2
�
��z� − 
��z��+ =

�s − �o

2
�
��z� + 
��z��− �18a�

On the lower face,

�i

2
�
��z� − 
��z��− =

�s − �o

2
�
��z� + 
��z��− �18b�

Since we have assumed uniform remote stress �yz
� , we neces-

sarily have that


��z� + 
��z� = 0, 
��z� = − 
��z� �19�

In addition, adding Eqs. �18a� and �18b� yields

�i

2
��
��z� − 
��z��+ + �
��z� − 
��z��−�

= ��s − �o��
��z�− + 
��z�+� �20�
Consequently, from Eq. �19�, Eq. �20� takes the following form:

�i�
��z�+ + 
��z�−� = ��s − �o��
��z�− − 
��z�+� �21�

Next, if we write the unknown 
��z� as a Cauchy integral �19�,
noting the requirement that the stresses be bounded at the crack
tips, we have that


��z� =
1

2i�	−a

+a
f�t�
t − z

dt +
1

�i
��yz

� � �22a�


��z� =
1

2�i	−a

+a
f�t�dt

�t − z�2 = − 
 f�t�
t − z

�
−a

a

+
1

2�i	−a

+a
f��t�dt

t − z

=
1

2�i	−a

+a
f��t�dt

t − z
�22b�

where

f�t0� = 
��z�+ − 
��z�−, − a � to � a

f�a� = f�− a� = 0 �finite stress at the crack tips�
Finally, from Eqs. �21�, �22a�, and �22b�, we obtain the follow-

ing first-order Cauchy singular integro-differential equation for

the unknown f�t�, t� �−a ,a�:
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�
	

−a

a
f�t�dt

t − to
+ 2��yz

� � = − ��s − �o�f��to�, − a � to � a

�23�
f�a� = f�− a� = 0

Investigation of the Cauchy Singular Integro-
ifferential Equation
The Cauchy singular integro-differential equation �23� closely

esembles the well-known and well-studied classical Prandtl’s sin-
ular integro-differential from aerodynamics.

��x�
B�x�

−
1

2�
	

−1

1
���t�dt

t − x
= f�x�, − 1 � x � 1

��1� = ��− 1� = 0

here ��x� is the unknown function and B�x� and f�x� are known
unctions �see, for example, Ref. �23� and the references therein�.
nfortunately, the differences between Eq. �23� and Prandtl’s

quation are sufficiently significant so that the many existing re-
ults on the solution of Prandtl’s equation �numerical or other-
ise� do not accommodate Eq. �23�. In Ref. �24�, Frankel dis-

ussed a Galerkin approach for solving a class of singular integro-
ifferential equations similar in form to Eq. �23� but appearing in
he study of infrared gaseous radiation and molecular conduction
s well as in elastic contact studies. Frankel’s methods were
mong the three methods used subsequently in Ref. �20� to find
umerical solutions of singular integro-differential equations of
he type described by Eq. �23�.

In this section, we adapt the collocation methods used in Refs.
23,24� to find numerical solutions of Eq. �23�.

3.1 Solution of Singular Integro-Differential Equation by
Collocation Method. Consider Eq. �23�,

�

�
	

−a

a
f�t�dt

t − to
+ 2��yz

� � = − ��s − �o�
df�to�

dto
, − a � to � a

f�a� = f�− a� = 0

here

f�t0� = 
��z�+ − 
��z�−, 
��z� =
1

2�i	−a

a
f�t�
t − z

dt +
1

�i
��yz

� �

�24�

et t /a=x in Eq. �24� and obtain

�

�
	

−1

1
f�ax�dx

x − xo
+ 2��yz

� � = − ��s − �o�
df�axo�
d�axo�

, − 1 � xo � 1

�25�

ewriting x→ t, xo→ to and further defining f�at�=u�t�, from Eq.
25�, we have the following:

��s − �o�
a

du�to�
dto

−
�

�
	

−1

1
u�t�dt

to − t
= − 2��yz

� �, − 1 � to � 1

�26�
u�1� = u�− 1� = 0

After utilizing the inverse operator T−1, as defined by the rela-
ion �20�,

T−1	�x� =
1

��1 − x2	
−1

1

	�x�dx −
1

�2�1 − x2	
−1

1 �1 − t2	�t�
t − x

dt
x � �− 1,1� �27a�

21011-4 / Vol. 77, MARCH 2010
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T�T−1	� = 	

and further defining

T�u�x�� =	
−1

1
u�x�
x − t

dx = 	�t� �27b�

we have from Eq. �26� that

u�to� =
1

��1 − to
2	

−1

1

u�t�dt −
1

���1 − to
2

�	
−1

1 �1 − t2

t − to
�− 2��yz

� � −
��s − �o�

a

du�t�
dt

�dt

�28�
to � �− 1,1�, u�1� = u�− 1� = 0

Multiplying by �1− to
2 both sides of Eq. �28� yields

u�to��1 − to
2 −

1

�
	

−1

1

u�t�dt − ��s − �o

a��
�	

−1

1 �1 − t2

t − to

du�t�
dt

dt

=
2��yz

� �
��

	
−1

1 �1 − t2

t − to
dt �29�

Assume that the function u�to� has an expansion of the form,

u�to� = 

m=0

N

amTm�to�, to � �− 1,1�, m = 0,1,2, . . . �30�

where Tm�to� represents the mth Chebychev polynomial of the first
kind. By imposing end conditions u�−1�=u�1�=0 �see Eq. �26��,
we find that

u�− 1� = 

m=0

N

amTm�− 1� = 

m=0

N

am�− 1�m = 0 �31a�

u�1� = 

m=0

N

amTm�1� = 

m=0

N

am = 0, m = 0,1,2, . . .

�31b�
�Tm�− 1� = �− 1�m, Tm�1� = 1

Furthermore,

dTm�x�
dx

= mUm−1�x� �32�

Here Um�x� denotes the mth Chebychev polynomial of the second
kind. Thus, from Eqs. �30� and �32�, we find that

du�to�
dto

=
d

dto
�


m=0

N

amTm�to�� = 

m=0

N

mamUm−1�to�, to � �− 1,1�

m = 0,1,2, . . . �33�
Next, using Eqs. �30� and �33� in Eq. �29� yields



m=0

N 
amTm�to��1 − to
2 −

1

�
	

−1

1

amTm�t�dt

− ��s − �o

a��
�	

−1

1 �1 − t2

t − to
mamUm−1�t�dt�

=
2��yz

� �
��

	
−1

1 �1 − t2

t − to
dt, to � �− 1,1�, m = 0,1,2, . . .
�34�
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n addition, the following properties of the Chebychev polynomi-
ls:

orthogonality:	
−1

1
Tm�x�Tn�x�

�1 − x2
dx = �

0, m � n

�, m = n = 0

�

2
, m = n � 0�

�35�

closed-form integral relations:	
−1

1
Un�t��1 − t2

t − x
dt = − �Tn+1�x�,

n = 0,1, . . . �36a�

	
−1

1

Tm�x�dx =
1 + �− 1�m

1 − m2 , m = 0,1,2, . . . �36b�

onsequently, by utilizing Eqs. �36a� and �36b�, Eq. �34� reduces
o



m=0

N 
amTm�to��1 − to
2 −

am

�
�1 + �− 1�m

1 − m2 � + ��s − �o

a�
�mamTm�to��

= −
2��yz

� �
�

T1�to�

We now select the set of collocation points as given by to= toi

−cos� i�
N

� for i=1,2 , . . . ,N−1 and thus derive the following sys-
em of linear equations:



m=0

N

am
Tm�toi��1 − toi
2 −

1

�
�1 + �− 1�m

1 − m2 � + ��s − �o

a�
�mTm�toi��

= −
2��yz

� �
�

T1�toi�, i = 1,2, . . . ,N − 1 �37�

oting the following property of the Chebychev polynomials of
he first kind Tn�cos ��=cos�n��, Eq. �37� further reduces to the
ollowing compact form:



m=0

N

am
− cos�mi�

N
��1 − �cos� i�

N
��2

−
1 + �− 1�m

��1 − m2�

− mSe cos�mi�

N
�� = 2S cos� i�

N
�, for 1 � i � N − 1

�38�

here

Se =
�s − �o

a�
�surface stress�

nd

S =
��yz

� �
�

�remote stress�

In addition, from the end condition equations �31a� and �31b�,
e have that



m=0

N

am�1�m = 0 for i = 0, 

m=0

N

am�− 1�m = 0, i = N

i = 0,1,2, . . . �39�

he solution of Eq. �24� is now reduced to the solution of the
ystem of equations �38� and �39� for the constant am. The latter

an be achieved using any of the existing commercial numerical
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software packages �e.g., MATLAB, MAPLE, NAG, etc.� and is the
subject of Sec. 4.

4 Results and Discussion
In this section, the numerical solution of Eqs. �38� and �39� is

performed for a range of surface parameters obtained from the
work of Sharma and Ganti in Ref. �10�. It is found that the nu-
merical method performs well for problems of this type guaran-
teeing rapid convergence �see, for example, Fig. 2�.

Se:0.1 � Se � 0.001
�40�

�s = 161.73 �J/m2�, �o = 1.3 �J/m2�, � = 168 �GPa�

4.1 Comparison With Known Classical Results. To verify
the mathematical model, we first reproduce, as a special case of
our analysis, the solution of the classical antiplane crack problem
in which surface effects are neglected. The latter problem has
corresponding analytic solutions described by Refs. �19,21,22�.


��z� =
1

�
��xz − i�yz� =

− i�yz
� z

��z2 − a2

Evaluating 
��z��−a� t�a�, we have the following.
On the upper face,


��z�+ =
− i�yz

� t

��− �a2 − t2�
=

− i�yz
� t

�i��a2 − t2�
=

− �yz
� t

��a2 − t2
�41a�

On the lower face,


��z�− =
i�yz

� t

��− �a2 − t2�
=

i�yz
� t

�i��a2 − t2�
=

�yz
� t

��a2 − t2
�41b�

�We note here that from Eq. �8�, �yz is zero yet �xz is nonzero�.
Then the stress difference between the upper and lower faces can
be defined from Eqs. �41a� and �41b� by


��z�+ − 
��z�− =
− 2�yz

� t

��a2 − t2
, − a � t � a �42�

Returning to our formulation, the corresponding stress differences
are defined in terms of the function f�t� by �see Eq. �24��


��z�+ − 
��z�− = f�t� �43�

The values of f�t� are plotted in Fig. 2, where the parameter Se is
varied by changing the dimension of the crack �i.e., 10 nm�a
�1 �m�.

Fig. 2 Stress differences between the upper and bottom faces
where �yz

� /�=0.1
It is clear from Fig. 2 that as the surface effect becomes negli-

MARCH 2010, Vol. 77 / 021011-5

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



g
c

m
s

T
i
i
c
t

t
t
r
t

c
t
d

F

F
„

0

Downlo
ible, our solution reduces to that of the classical case, even at the
rack tip where the stress difference becomes infinite.

4.2 Stress Distributions at the Crack Tip. Based on the nu-
erical solution of f�t� derived in Sec. 4.1, the corresponding

tress distributions can be found from Eq. �22a�.


��z� =
1

2i�	−a

+a
f�t�
t − z

dt +
1

�i
��yz

� �

hese results are presented in Figs. 3 and 4. In fact, Fig. 3 clearly
llustrates rapid convergence of the method �in approximately 30
terations� but more importantly, it is clear that, in contrast to the
lassical case �where surface effects are neglected�, the stresses at
he crack tip remain finite.

Furthermore, from Fig. 4 we see that stresses relatively far from
he crack tips converge to the value 0.1, which is the magnitude of
he applied remote stress. These results agree with the well-known
esults from classical elasticity �that the effect of stress concentra-
ion and surface stress/energy is localized�.

Finally, Fig. 5 demonstrates the relation between stress �at the
rack tip� and the surface effect. It is clear that stress at the crack
ip increases when the surface effect becomes negligible �as pre-
icted by the corresponding classical problem where surface ef-

ig. 3 Stress convergence versus the number of iterations „N…

ig. 4 Stress distribution with respect to surface parameter
�
Se… when �yz /�=0.1
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fects are neglected�. Furthermore, since the surface parameter Se
is controlled by variations in the crack length, our results also
indicate that the corresponding stresses are strongly dependent on
crack size.

5 Conclusions
In this paper, we have examined the effects of surface elasticity

in a classical mode-III crack problem arising in the antiplane shear
deformations of a linearly elastic solid. The surface mechanics are
incorporated using the continuum based surface/interface model
of Gurtin and Murdoch. Complex variable methods are used to
obtain an exact complete solution �not simply a crack tip solution�
by reducing the problem to a Cauchy singular integro-differential
equation of the first order. Finally, classical collocation methods
are adapted to obtain numerical solutions, which demonstrate sev-
eral interesting phenomena in the case when the solid incorporates
a traction-free crack face and is subjected to uniform remote load-
ing. In particular, we note that, in contrast to the classical result
from linear elastic fracture mechanics, the stresses at the �sharp�
crack tip remain finite. The techniques used here are sufficiently
general to accommodate the analogous problems from plane elas-
ticity. This will be the subject of a future paper.
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